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Abstract
In this paper, we give a complete characterization of the prime decompositions of a θn-curve in
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1. Introduction
Throughout this paper, we work in the piecewise linear category.
A θn-curve is a graph in the 3-sphere S3 which consists of two vertices and n edges,
each edge joining the two vertices. We fix an orientation of S3. A labelling of a θn-curve
is a total ordering on the set of the edges and a choice of one of the vertices. The ith edge
in the ordering is denoted by ei and the vertex of our choice is denoted by v1 and the other
v2. In this paper, all our θn-curves will be labelled and we assume n > 3. Two θn-curves
are said to be equivalent if there exists an orientation preserving self-homeomorphism
of S3 taking one to the other which respects the labellings. A θn-curve Γ is said to be
trivial if there exists a 2-sphere in S3 that contains Γ , and otherwise nontrivial.
Let Γ be a θn-curve. LetΣ be a union of mutually disjoint 2-spheresΣ1, Σ2, . . . , Σm−1
in S3. We call Σ decomposing spheres of Γ if Σ does not contain the vertices of Γ and
Σj meets each edge of Γ transversely at exactly one point (j = 1, 2, . . . ,m − 1). For
decomposing spheres Σ of Γ , let Bi,j be a 3-ball in S3 bounded by Σj which contains
vi (i = 1, 2, j = 1, 2, . . . ,m − 1). We may assume that B1,1 ⊂ B1,2 ⊂ · · · ⊂ B1,m−1.
Let Γj be a θn-curve obtained from Γ by contracting B1,j−1 and B2,j to v1 and v2,
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respectively (j = 1, 2, . . . ,m) where we set B1,0 equals v1 and B2,m equals v2. The
labelling of Γj is defined to be the one induced from Γ . Note that each Γj is unique up
to equivalence. Then we say that Γ is decomposed into Γ1, Γ2, . . . , Γm by Σ and denote
it by Γ = Γ1#Σ1Γ2#Σ2 · · · #Σm−1Γm or shortly Γ = Γ1#Γ2# · · · #Γm. A θn-curve Γ is
prime if Γ is nontrivial and does not have a decomposition into two nontrivial θn-curves.
We say a decomposition Γ = Γ1#Γ2# · · · #Γm is prime if each Γj is prime.
In [2], the author proved the following theorem.
Theorem 1.1 [2, Theorem]. Every nontrivial θn-curve can be decomposed into a finite
number of prime θn-curves Γ1, Γ2, . . . , Γm. The θn-curves Γj are uniquely determined
up to order and equivalence.
Note that the order is not unique in general. For example, see Fig.1.
Fig. 1.
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Remark. For prime decompositions of knots [3], links [1] and spatial graphs defined in
[4], the order of prime factors is not essential.
Let Γ be a θn-curve. Two decompositions of Γ by Σ and Φ are equivalent if there
is an orientation preserving self-homeomorphism h of S3 that maps Γ onto Γ respect-
ing the labellings such that h(Σ) = Φ. In this paper we completely characterize up to
equivalence the prime decompositions of a θn-curve.
We call a transposition σ of {1, 2, . . . ,m} is successive if there exists k ∈
{2, 3, . . . ,m} such that σ = (k − 1, k). Let Γ be a θn-curve which has a prime de-
composition
Γ = Γ1#Σ1Γ2#Σ2 · · · #Σm−1Γm by Σ =
m−1⋃
i=1
Σi.
For a successive transposition σ = (k− 1, k), we say that Γ has a prime decomposition
Γ = σ(Γ1#Σ1Γ2#Σ2 · · · #Σm−1Γm) if there exist decomposing spheres
Σ′ =
(
k−2⋃
i=1
Σi
)
∪Σ′k−1 ∪
(
m−1⋃
i=k
Σi
)
of Γ
which give a prime decomposition
Γ = Γ1#Σ1 · · · #Σk−3Γk−2#Σk−2Γk#Σ′k−1Γk−1#ΣkΓk+1#Σk+1 · · · #Σm−1Γm.
For example, see Fig. 2. We set σ(Σi) = Σi (i = 1, 2, . . . , k − 2, k, k + 1, . . . ,m − 1)
σ(Σk−1) = Σ′k−1 and σ(Σ) =
⋃m−1
i=1 σ(Σi).
Now, we are ready to state our results.
Theorem 1.2. Suppose that Γ has two prime decompositions
Γ = Γ1#Σ1Γ2#Σ2 · · · #Σm−1Γm by Σ =
m−1⋃
i=1
Σi
Fig. 2.
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and
Γ = Λ1#Φ1Λ2#Φ2 · · · #Φm−1Λm by Φ =
m−1⋃
i=1
Φi.
Then there exist successive transpositions σ1, σ2, . . . , σN of {1, 2, . . . ,m} which satisfy
the following conditions.
(1) Γ has a prime decompositions Γ = σiσi−1 · · ·σ1(Λ1#Φ1 · · · #Φm−1Λm) for i =
1, 2, . . . , N .
(2) Two prime decompositions of Γ by Σ and σNσN−1 · · ·σ1(Φ) are equivalent.
Theorem 1.3. Suppose that Γ has two inequivalent prime decompositions
Γ = Λ1#Φ1Λ2#Φ2 · · · #Φm−1Λm by Φ =
m−1⋃
i=1
Φi
and
Γ = σ(Λ1#Φ1Λ2#Φ2 · · · #Φm−1Λm) by Σ =
(
k−2⋃
i=1
Φi
)
∪Σk−1 ∪
(
m−1⋃
i=k
Φi
)
for σ = (k − 1, k). Then there exists a decomposing sphere Φ′k−1 which satisfies the
following conditions.
(1) Two prime decompositions of Γ by Σ and Φ′ = (⋃k−2i=1 Φi) ∪ Φ′k−1 ∪ (⋃m−1i=k Φi)
are equivalent.
(2) Φk−1 and Φ′k−1 intersect transversally in a simple closed curve.
(3) A θn-curve obtained from Γ by contracting C1,k−1 ∪C′1,k−1 (respectively C1,k−2)
and C2,k (respectively C2,k−1 ∪ C′2,k−1) to v1 and v2, respectively is trivial.
Here Ci,j is a 3-ball in S3 bounded by Φj which contains vi (i = 1, 2, j = 1, 2, . . . ,
m − 1), C′i,k−1 is a 3-ball in S3 bounded by Φ′k−1 which contains vi (i = 1, 2), C1,0
equals v1 and C2,m equals v2.
The conditions (2) and (3) of Theorem 1.3 mean that two of the four complementary
regions of (C2,k−2 ∩C1,k)− (Φk−1 ∪Φ′k−1) are trivial in a certain sense just as in Fig. 2.
Remark. On prime decompositions of a θn-curve, the author is also interested in the
ambient isotopy characterization. That is, consider decomposing spheres up to ambient
isotopy of S3 that preserves the θn-curve as a set. It is not clear whether or not there are
equivalent prime decompositions that are not mutually ambient isotopic.
2. Proof of theorems
In [2], the author showed that a trivial θn-curve cannot be decomposed into two
nontrivial θn-curves.
Lemma 2.1 [2, Lemma 2.1]. If a trivial θn-curve is decomposed into Γ1 and Γ2 then
both Γ1 and Γ2 are trivial.
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Fig. 3.
The pair (B, t) is called a ball-star pair if B is a 3-ball and t is a star of degree n
which is properly embedded in B, see Fig. 3. A ball-star pair (B, t) is said to be trivial
if there exists a properly embedded 2-disk in B that contains t. Let B◦ = B − intN(t),
where N(t) denotes a regular neighborhood of t in B. For a compact connected planar
surface X in B, let X◦ = X ∩B◦. Suppose that X is properly embedded in B and X
does not contain a vertex of t. Since X splits B into two components, let SX be the
closure of a component of B −X which contains a vertex of t and PX the closure of
the other component of B −X .
We can obtain the following two lemmas on a ball-star pair.
Lemma 2.2. Let (B, t) be a trivial ball-star pair. Suppose that F is a compact connected
planar surface properly embedded in B which satisfies the following conditions.
(1) F does not contain a vertex of t and F meets each edge of t transversely at most
one point.
(2) Any component of ∂F does not contract to a point in (∂B)◦.
(3) PF ∩ ∂B is homeomorphic to F .
Then F ◦ is parallel to (PF ∩ ∂B)◦ in B◦ and (SF , SF ∩ t) is a trivial ball-star pair.
Proof. Let D1, D2, . . . , Ds be the components of SF ∩∂B. Let Σ = F ′ ∪ (
⋃s
i=1 D
′
i) be
a 2-sphere obtained from F ∪ (⋃si=1 Di) by pushing it a little into intSF , where F ′ and
D′i correspond to F and Di, respectively. Since (B, t) is a trivial ball-star pair, Σ◦ is
parallel to (∂B)◦ in B◦ and (SΣ , SΣ∩t) is a trivial ball-star pair by Lemma 2.1. We note
that Di ∩ t 6= ∅ (i = 1, 2, . . . , s) by the condition (2). Hence a 3-ball Di× I in PΣ such
that Di×{0} = D′i, Di×{1} = Di and (Di× I, (Di× I)∩ t) = (Di× I, {points}× I)
is uniquely determined up to ambient isotopy in PΣ . This implies that F ◦ is parallel
to (PF ∩ ∂B)◦ in B◦. It is easily seen that (SF , SF ∩ t) is a trivial ball-star pair. This
completes the proof. 2
A ball-star pair (B, t) is prime if (B, t) is nontrivial and either Σ◦ is parallel to (PΣ ∩
∂B)◦ in B◦ or (SΣ , SΣ ∩ t) is a trivial ball-star pair, for any 2-sphere Σ in intB which
does not contain a vertex of t and meets each edge of t transversely at exactly one point.
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Lemma 2.3. Let (B, t) be a prime ball-star pair. Suppose that F is a compact connected
planar surface properly embedded in B which satisfies the following conditions.
(1) F does not contain a vertex of t and F meets each edge of t transversely at most
one point.
(2) Any component of ∂F does not contract to a point in (∂B)◦.
(3) PF ∩ ∂B is homeomorphic to F .
(4) F ◦ is not parallel to (PF ∩ ∂B)◦ in B◦.
Then (SF , SF ∩ t) is a trivial ball-star pair.
Proof. Let D1, D2, . . . , Ds be the components of SF ∩∂B. Let Σ be a 2-sphere obtained
from F ∪ (⋃si=1 Di) by pushing it a little into intSF . Since (B, t) is a prime ball-star
pair, Σ◦ is parallel to (∂B)◦ in B◦ or (SΣ , SΣ ∩ t) is a trivial ball-star pair. Since F ◦ is
not parallel to (PF ∩ ∂B)◦ in B◦, Σ◦ is not parallel to (∂B)◦ in B◦ by the arguments
similar to that in the proof of Lemma 2.2. Thus (SΣ , SΣ ∩ t) is a trivial ball-star pair.
This implies that (SF , SF ∩ t) is a trivial ball-star pair. This completes the proof. 2
The following lemma extends the assertion of [2, Claim 2.3]. Note that a component
of decomposing spheres of a θn-curve bounds a ball-star pair.
Lemma 2.4. Let Γ be a θn-curve and Σ, Φ two decomposing spheres of one component
such that Σ meets Φ transversally. Let B be a 3-ball bounded by Σ which contains v1.
If any loop of Σ ∩ Φ does not contract to a point in Σ◦, then PX ∩Σ is connected for
each component X of B ∩ Φ.
Proof. We prove the assertion by induction on the number of the components of
intPX ∩ Φ, we denote it by | intPX ∩ Φ|. The case | intPX ∩ Φ| = 0 is proved in
[2, Claim 2.3]. Then we consider the case | intPX ∩ Φ| = k, k > 1. There exists a
component Y 6= X of B ∩ Φ such that Y ⊂ PX and intPY ∩ Φ = ∅. By the induction
hypothesis, PY ∩ Σ is connected. Both Y and PY ∩ Σ are compact connected planar
surfaces with ∂Y = ∂(PY ∩ Σ), hence PY ∩ Σ is homeomorphic to Y . Let Σ′ be a
2-sphere obtained from (Σ −PY ∩Σ)∪ Y by pushing Y a little into intSY . It is easily
seen that Σ′ is a decomposing sphere of Γ . Let B′ be a 3-ball bounded by Σ′ which
contains v1. We note that (B′, B′ ∩ Γ ) is a ball-star pair and B′ ⊃ X . Let P ′X be the
closure of a component of B′−X which does not contain v1. Then | intP ′X ∩ Φ| = k−1.
By the induction hypothesis, P ′X ∩Σ′ is connected. By the construction of Σ′, PX ∩Σ
is homeomorphic to P ′X ∩Σ′. Hence PX ∩Σ is connected. 2
The key lemma is the following one.
Lemma 2.5. Let Γ be a θn-curve. Suppose that Γ has two prime decompositions
Γ = Γ1#Σ1Γ2#Σ2 · · · #Σm−1Γm by Σ =
m−1⋃
i=1
Σi
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and
Γ = Λ1#Φ1Λ2#Φ2 · · · #Φm−1Λm by Φ =
m−1⋃
i=1
Φi.
Then there exist successive transpositions σ1, σ2, . . . , σN of {1, 2, . . . ,m} which satisfy
the following conditions.
(1) Γ has a prime decomposition Γ = σiσi−1 · · ·σ1(Λ1#Φ1 · · · #Φm−1Λm) for i =
1, 2, . . . , N .
(2) Two decompositions of Γ by Σ1 and σNσN−1 · · ·σ1(Φ1) are equivalent.
Proof of Theorem 1.2. By applying Lemma 2.5 repeatedly, we obtain the assertion. 2
Proof of Lemma 2.5. We may assume that Γ is a nontrivial θn-curve. Since the case of
m = 1 is clear, suppose m > 1. We may assume that each component of Σ∩Φ is a loop,
(Σ ∩Φ)∩ Γ = ∅ and that the number |Σ ∩Φ| of components of Σ ∩Φ is the minimum
among all pairs (Σ′, Φ′) of decomposing spheres of Γ such that Σ′ (respectively Φ′) is
transformed to Σ (respectively Φ) by an ambient isotopy in S3 fixing Γ as a set. Let
M = S3 − intN(Γ ), Σ◦i = Σi ∩M , Φ◦i = Φi ∩M (i = 1, 2, . . . ,m− 1), Σ◦ = Σ ∩M
and Φ◦ = Φ ∩M . Then any loop of Σ ∩ Φ does not contract to a point in Σ◦ and
Φ◦. Let Bi be the closure of a component of S3 − Σ such that B1 3 v1, Bm 3 v2 and
∂Bi = Σi−1 ∪Σi (i = 2, 3, . . . ,m− 1). Similarly let Ci be the closure of a component
of S3 − Φ (i = 1, 2, . . . ,m).
Fist, we consider the case |Σ1 ∩Φ| = 0. Since Γ1 and Λ1 are prime, Σ◦1 is parallel to
Φ◦1 in M . Then two decompositions of Γ by Σ1 and Φ1 are equivalent. This completes
the proof of this case.
Next, we consider the case |Σ1 ∩Φ| 6= 0, i.e., B1 ∩Φ 6= ∅. A component X of B1 ∩Φ
splits B1 into two components. Let SX be the closure of a component of B1−X which
contains v1 and PX the closure of the other component of B1−X . Consider a component
F of B1∩Φ such that intPF ∩Φ = ∅. By Lemma 2.4, PF ∩Σ1 is connected. Both F and
PF ∩Σ1 are compact connected planar surface with ∂F = ∂(PF ∩Σ1), hence PF ∩Σ1
is homeomorphic to F , see Fig. 4. For a prime ball-star pair (B1, B1 ∩ Γ ), F satisfies
the conditions of Lemma 2.3. Then (SF , SF ∩ Γ ) is a trivial ball-star pair. Let Cj be
a component which contains PF and Φl a component of Φ which contains F . Notice
that either l = j − 1 or l = j. Let D1, D2, . . . , Ds be the components of SF ∩ Σ1 and
E1, E2, . . . , Es the components of Φl− intF such that ∂Di = ∂Ei (i = 1, 2, . . . , s). We
note that Di and Ei are 2-disks (i = 1, 2, . . . , s). The minimality of |Σ ∩Φ| implies that
Di ∩ Γ 6= ∅ and Ei ∩ Γ 6= ∅ (i = 1, 2, . . . , s). For a compact connected planar surface
X in S3, let X◦ = X ∩M and E(X) the set of edges of Γ which meet X .
In [2], the author proved the following two claims.
Claim 2.6 [2, Subclaim 2.4.1]. Either the following (1) or (2) holds.
(1) E(Di) = E(Ei) for i = 1, 2, . . . , s.
(2) s = 2, E(D1) = E(E2), E(D2) = E(E1) and E(D1) ∪ E(D2) = {e1, e2, . . . , en}.
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Fig. 4.
Claim 2.7 [2, Claim 2.4]. Λj is equivalent to Γ1.
In the following claim, we show the existence of the ‘innermost’ component of B1∩Φl
in B1.
Claim 2.8. There exists a component G of B1 ∩ Φl such that intSG ∩ Φl = ∅.
Proof. If any component of B1∩Φl does not satisfy the condition of this claim, then there
exist two components X , Y of B1 ∩ Φl such that SX ⊃ Y and SY ⊃ X . This implies
that SX ⊃ PY . By Lemma 2.4, PX ∩Σ1 is connected, hence PX ∩Σ1 is homeomorphic
to X . For a prime ball-star pair (B1, B1 ∩ Γ ), X satisfies the conditions of Lemma 2.3.
Then (SX , SX ∩ Γ ) is a trivial ball-star pair. Since SX ⊃ Y , let P ′Y be the closure
of a component of SX − Y which does not contain v1. By Lemma 2.4, P ′Y ∩ ∂SX is
connected, hence P ′Y ∩ ∂SX is homeomorphic to Y . For (SX , SX ∩ Γ ), Y satisfies the
conditions of Lemma 2.2. Then Y ◦ is parallel to (P ′Y ∩ ∂SX)◦ in S◦X . Since SY ⊃ X
and SX ⊃ PY , PY ∩ X = ∅ and P ′Y = PY . Thus we have P ′Y ∩ ∂SX = PY ∩ Σ1,
then Y ◦ is parallel to (PY ∩ Σ1)◦ in B◦1 . This is a contradiction to the minimality of
|Σ ∩ Φ|. 2
By Claim 2.8, intSF ∩ Φl = ∅ or there exists a component G 6= F of B1 ∩ Φl such
that intSG ∩ Φl = ∅. Let Φ0 = ∂N(v1) and C1,i a 3-ball bounded by Φi which contains
v1 (i = 0, 1, . . . ,m− 1).
We prove the assertion by induction on j, where Cj ⊃ PF . Note that Λj is equivalent
to Γ1 by Claim 2.7. The proof is divided into two cases. The first step of the induction
is contained in case 2.
Case 1. intSF ∩ Φl = ∅.
T. Motohashi / Topology and its Applications 93 (1999) 161–172 169
We may assume that j > 1 in this case. Note that Φl = Φj−1. We obtain the following
claim.
Claim 2.9. There exists a component X of B1 ∩ Φj−2 such that int(PX ∩ SF ) ∩ Φ = ∅
and PX ⊃ F .
Proof. Consider a component X of SF ∩(Φ0∪Φ1∪· · ·∪Φj−2) such that int(PX ∩SF )∩
(Φ0 ∪Φ1 ∪ · · · ∪Φj−2) = ∅. By Lemma 2.4, PX ∩∂SF is connected, hence PX ∩∂SF is
homeomorphic to X . For a trivial ball-star pair (SF , SF ∩Γ ), X satisfies the conditions
of Lemma 2.2. Then we have PX ⊃ F by the minimality of |Σ ∩ Φ|. This implies that
X is contained in Φj−2. 2
By Lemma 2.4, PX ∩ Σ1 is connected, hence PX ∩ Σ1 is homeomorphic to X . Let
Υj−1 be a 2-sphere obtained from (Φj−2 −X) ∪ (PX ∩ Σ1) by pushing it a little into
S3 − C1,j−2. Then Υ = Φ1 ∪ · · · ∪ Φj−2 ∪ Υj−1 ∪ Φj ∪ · · · ∪ Φm−1 are decomposing
spheres. Note that Υj−1 and Φj are disjoint since intPX ∩ Φj = ∅. Notice that X is a
component of B1 ∩ Υ such that intPX ∩ Υ = ∅ and X◦ is not parallel to (PX ∩Σ1)◦
in B◦1 . Moreover PX is contained in the closure of a component of S3 − Υ which is
bounded by Φj−2 ∪ Υj−1 and Υ ◦j−1 is parallel to ((Φj−2 − X) ∪ (PX ∩ Σ1))◦ in M .
Suppose that Υ give a decomposition Γ = Λ1# · · · #Λj−2#Λ′j−1#Λ′j#Λj+1# · · · #Λm. By
the argument similar to that in the proof of Claim 2.7, we have Λ′j−1 is equivalent to
Γ1. Let σ = (j − 1, j) be a successive transposition of {1, 2, . . . ,m}. By Theorem 1.1,
it is not hard to see that Γ has a prime decomposition Γ = σ(Λ1#Φ1 · · · #Φm−1Λm) by
Υ . We complete the proof of Case 1 by the induction hypothesis.
Note that by Claim 2.8, Case 2 may be stated as follows.
Case 2. There exists a component G 6= F of B1 ∩ Φl such that intSG ∩ Φl = ∅.
By Lemma 2.4, PG ∩ ∂SF is connected, hence PG ∩ ∂SF is homeomorphic to G.
For a trivial ball-star pair (SF , SF ∩ Γ ), G satisfies the conditions of Lemma 2.2. Since
SG ⊂ SF , (SG, SG∩Γ ) is a trivial ball-star pair. Let ∆1,∆2, . . . ,∆t be the components
of SG ∩ Σ1. We note that each ∆i is a 2-disk (i = 1, 2, . . . , t). Since SG ⊂ SF and
SF ∩Σ1 =
⋃s
i=1 Di, we have
t⋃
i=1
∆i ⊂
s⋃
i=1
Di.
Let Ti, SG be the closures of components of C1,l −
⋃t
i=1 ∆i such that ∂Ti ⊃ ∆i
(i = 1, 2, . . . , t) and SG ∪ (
⋃t
i=1 Ti) = C1,l. We note that each Ti is a 3-ball, Ti ∩ Γ is
a set of some disjoint arcs and the set of edges which meet Ti is equals to E(∆i). Since
F ⊂ Φl, F 6= G and Φl = F ∪ (
⋃s
i=1 Ei), we may assume that F ⊂ ∂T1 − int∆1 and
E1 ∪E2 ∪ · · · ∪Es−1 ⊂ ∂T1 − int∆1.
Claim 2.10. s = 2, E(∆1) = E(E1).
Proof. We note that
E(∆1) = E(∂T1 − int∆1) ⊃ E(E1) ∪ E(E2) ∪ · · · ∪ E(Es−1).
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Fig. 5.
Since
⋃t
i=1 ∆i ⊂
⋃s
i=1 Di, there exists i such that Di ⊃ ∆1. Hence
E(Di) ⊃ E(∆1) ⊃ E(E1) ∪ E(E2) ∪ · · · ∪ E(Es−1).
By Claim 2.6, s = 2 and E(Di) = E(∆1) = E(E1). 2
At first, consider the case j = 1. Note that V = S3−intPF is a solid torus and Dis and
Eis are separating disk systems with common boundaries. Since j = 1, the condition (2)
of Claim 2.6 holds. Thus there exists an orientation preserving self-homeomorphism hV
of V such that hV (F ) = PF ∩ Σ1, hV (PF ∩ Σ1) = F , hV (D1) = E2, hV (D2) = E1
and hV (Γ ) = Γ . We can easily seen that there exists an orientation preserving self-
homeomorphism h of S3 such that h|V = hV . Then two decompositions of Γ by Σ1
and Φ1 are equivalent. This completes the proof of this case.
Suppose that j > 1. Consider the case Φl = Φj , see Fig. 5. By the arguments similar
to that in the proof of Claim 2.9, we obtain the following claim.
Claim 2.11. There exists a component X of B1 ∩ Φj−2 such that int(PX ∩ SG) ∩ Φ =
int(PX ∩ SG) ∩ Φj−1 and PX ⊃ G.
We note that (SG, SG∩Γ ) is a trivial ball-star pair and SG ⊃ X . Let P ′X be the closure
of a component of SG − X which does not contain v1. By Lemma 2.4, P ′X ∩ ∂SG is
connected, hence P ′X ∩ ∂SG is homeomorphic to X . For (SG, SG ∩ Γ ), X satisfies the
conditions of Lemma 2.2. Then X◦ is parallel to (P ′X ∩ ∂SG)◦ in S◦G.
Let A = ∂T1 − int∆1 ∪ int(F ∪ E1). We note that A is an annulus, A ∩ Γ = ∅
and F ∩ Γ = ∅ by Claim 2.10. By pushing C1,j−2 ∪ P ′X ∪ A ∪ PF a little into
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intC1,j and taking a regular neighborhood of it in intC1,j , we obtain a 3-ball C.
Since A ∩ Γ = ∅ and F ∩ Γ = ∅, we have (C,C ∩ Γ ) is a ball-star pair. Let
Υj−1 be a 2-sphere obtained from ∂C by pushing it a little into S3 − C1,j−2. Then
Υ = Φ1 ∪ · · · ∪ Φj−2 ∪ Υj−1 ∪ Φj ∪ · · · ∪ Φm−1 are decomposing spheres. Notice that
there exists a component Y of B1 ∩ Υj−1 such that intPY ∩ Υ = ∅, Y ◦ is paral-
lel to F ◦ in B◦1 and Y ◦ is not parallel to (PY ∩ Σ1)◦ in B◦1 . Moreover PY is con-
tained in the closure of a component of S3 − Υ which is bounded by Φj−2 ∪ Υj−1
and Φ◦j−2 is parallel to ((Υj−1 − Y ) ∪ (PY ∩ Σ1))◦ in M since X◦ is parallel to
(P ′X ∩ ∂SG)◦ in S◦G. Suppose that Υ give a decomposition Γ = Λ1# · · · #Λj−2#Λ′j−1#
Λ′j#Λj+1# · · · #Λm. By the argument similar to that in the proof of Claim 2.7, we
have Λ′j−1 is equivalent to Γ1. Let σ = (j − 1, j) be a successive transposition of
{1, 2, . . . ,m}. By Theorem 1.1, it is not hard to see that Γ has a prime decomposition
Γ = σ(Λ1#Φ1 · · · #Φm−1Λm) by Υ . We complete the proof of this case by the induction
hypothesis.
The case Φl = Φj−1 can be proved similarly. 2
Proof of Theorem 1.3. We may assume that Γ is a nontrivial θn-curve. It suffices to show
the case m = 2 by the definition of a successive transposition for a prime decomposition.
Suppose that Γ has two inequivalent prime decompositions Γ = Λ1#Φ1Λ2 by Φ1 and
Γ = σ(Λ1#Φ1Λ2) by Σ1 for σ = (1, 2). Let Bi be the closure of a component of S3−Σ1
such that Bi 3 vi (i = 1, 2). Similarly let Ci be the closure of a component of S3 − Φ1
(i = 1, 2). We may assume that |Σ1∩Φ1| is the minimum as in the proof of Lemma 2.5.
First, we consider the case |Σ1∩Φ1| = 0. Since Λ1 and Λσ(1) are prime, Σ◦1 is parallel
to Φ◦1 in M . Then two prime decompositions of Γ by Σ1 and Φ1 are equivalent. This
contradicts to the hypothesis.
Next, we consider the case |Σ1 ∩ Φ1| 6= 0, i.e., B1 ∩ Φ1 6= ∅. As in the proof of
Lemma 2.5, there exists a component F of B1∩Φ1 such that intPF ∩Φ1 = ∅. Moreover,
there exists a component G of B1 ∩ Φ1 such that intSG ∩ Φ1 = ∅.
Consider the case 1, in the proof of Lemma 2.5. Recall that s is the number of the
components of ∂F , Di is a component of SF ∩Σ1 and Ei is a component of Φ1− intF
such that ∂Di = ∂Ei (i = 1, 2, . . . , s). By the minimality of |Σ1∩Φ1|, D◦i is not parallel
to E◦i in M (i = 1, 2, . . . , s). Suppose that s > 1. Let Φ′1 be a 2-sphere obtained from
(Φ1−Es)∪Ds by pushing it a little into intC1. It is easily seen that Φ′1 is a decomposing
sphere of Γ . Note that (Φ′1)◦ is not parallel to (∂N(v1))◦ and Φ◦1 in M . Since a ball-star
pair (C1, C1 ∩ Γ ) is prime, this is a contradiction. Hence s = 1. By the minimality of
|Σ1∩Φ1|, F ◦ is not parallel to (PF ∩Σ1)◦ in (B1)◦. By applying Lemma 2.3 to ball-star
pairs (B1, B1∩Γ ) and (C2, C2∩Γ ), Φ1 and Σ1 satisfy the condition (3) of Theorem 1.3.
Consider the case 2, in the proof of Lemma 2.5. Recall that t is the number of the
components of ∂G and s = 2 by Claim 2.10. By the arguments similar to that in the
case of s, we obtain t = 1. If PF ⊂ C1, then two prime decompositions of Γ by Σ1
and Φ1 are equivalent by the arguments similar to that in the proof of Lemma 2.5. This
contradicts to the hypothesis. Hence PF ⊂ C2. Recall that Φ1 = F ∪ (
⋃2
i=1 Ei) and
G ⊂ E2. Let A = E2 − intG. We note that A is an annulus, A ∩ Γ = ∅ and F ∩ Γ = ∅
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by Claim 2.10. By taking a regular neighborhood of SG∪A∪PF , we obtain a 3-ball C′1.
Since A∩Γ = ∅ and F ∩Γ = ∅, we have (C′1, C′1 ∩Γ ) is a ball-star pair. Let Φ′1 = ∂C′1
and C′2 a 3-ball bounded by Φ′1 containing v2. By the construction of C′1, two prime
decompositions of Γ by Σ1 and Φ′1 are equivalent and Φ1 and Φ′1 intersect transversally
in a simple closed curve. Let F ′ be a component of C′1 ∩ Φ1 and PF ′ the closure of
a component of C′1 − F ′ which does not contain v1. We note that F ′ and PF ′ ∩ Φ′1
are disks and (F ′)◦ is not parallel to (PF ′ ∩ Φ′1)◦ in (C′1)◦. By applying Lemma 2.3
to ball-star pairs (C′1, C′1 ∩ Γ ) and (C2, C2 ∩ Γ ), Φ1 and Φ′1 satisfy the condition (3) of
Theorem 1.3. 2
Acknowledgement
The author is grateful to Professor Shin’ichi Suzuki for his valuable advice and en-
couragement and to the referee for his comment.
References
[1] Y. Hashizume, On the uniqueness of the decomposition of a link, Osaka Math. J. 10 (1958)
283–300; 11 (1959) 249.
[2] T. Motohashi, A prime decomposition theorem for θn-curves in S3, Topology Appl. 83 (1998)
203–211.
[3] H. Schubert, Die eindeutige Zerlegbarkeit eines Knots in Primknoten, S.B. Heidelberger Akad.
Wiss. Math.-Natur. Kl. 3 (1949) 57–104.
[4] S. Suzuki, A prime decomposition theorem for a graph in the 3-sphere, in: S. Suzuki, ed.,
Topology and Computer Science (Kinokuniya, Tokyo, 1987) 259–276.
